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Abstrat
Atoms trapped in optial lattie have long been a system of interest in the AMO ommunity, and
in reent years muh study has been devoted to both short- and long-range oherene in this system,
as well as to its possible appliations to quantum information proessing. Here we demonstrate for
the rst time omplete determination of the quantum phase spae distributions for an ensemble of
85
Rb atoms in suh a lattie, inluding a negative Wigner funtion for atoms in an inverted state.
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I. INTRODUCTION
Muh of the exitement and promise of new elds suh as quantum information proessing
would not be possible without the development of sophistiated tehniques for manipulating
and measuring quantum systems. In systems suh as ion traps, quantum dots, Bose-Einstein
ondensates, and entangled photons, it is the fat that quantum states an be aurately
prepared and observed whih has enabled a wide range of experimental advanes, and held
out hope for the reation of pratial quantum tehnologies. In suh systems, quantum states
inevitably evolve into partially mixed states, whih an be haraterized either by a density
matrix, in the ase of a nite-dimensional Hilbert spae, or by phase spae quasi-probability
distributions suh as the Wigner funtion[1℄ or the Husimi distribution[2℄. Tehniques for
extrating these funtions, generally referred to as quantum tomography, have long been a
topi of ative researh, in the ontext of the eletromagneti eld[3, 4℄, Rydberg states[5℄,
neutral atoms[6, 7℄, dissoiating moleules[8℄, entangled photons[9, 10, 11℄, and ion traps[12,
13℄.
One system whih has led to many interesting eets and proposals is the optial lattie,
in whih atoms are trapped in a periodi potential formed by a standing wave of light
beams[14, 15, 16℄. This analog ondensed-matter system has been used to study Bragg
sattering[17℄, preision measurement using atom interferometry[18℄, the fragmentation of
Bose ondensates[19, 20℄, squeezed states of atomi motion[21℄, quantum feedbak[22℄, the
Mott insulator transition[23℄, and quantum logi gates[24, 25, 26℄, to name only a few
examples. Typial probes of the system inlude the Bragg sattering of probe beams, whih
is sensitive to the loalization 〈X2〉 of the atoms; the time-varying transmission of the
lattie beams themselves, whih is sensitive to the instantaneous fore exerted on the atoms,
related to the entre-of-mass position 〈X〉 in eah well; and atom-interferometri probes of
long-range oherene. Here we present for the rst time a omplete haraterisation of the
quantum state of atoms trapped in optial-lattie wells, by extrating the Husimi and Wigner
distributions for atoms in several dierent initial states. In partiular, we demonstrate the
nonlassial Wigner funtion for atoms with a population inversion, whose negative value
at the origin is analogous to that for the 1-photon Fok state and for the exited state of
the single ion in a trap.
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II. THEORY
The Husimi distribution is a well known quasi-probability distribution related to a state's
density matrix ρ by the equation Q (α) = 1
pi
〈α| ρ |α〉, where |α〉 is a oherent state, that
is, a Gaussian distribution entered at α, with minimum-unertainty width whih an be
dened by a speied harmoni osillator. It has the pratial advantage that its value for a
partiular α is an observable and an be obtained diretly with one measurement. Beause it
is always real and always positive it is sometimes referred to as a lassial quasi-probability
distribution.
The Wigner distribution, whih has a one-to-one orrespondene with the Husimi dis-
tribution, is partiularly useful for identifying nonlassial states suh as Fok or inverted
states, for whih it takes on negative value (as in fat it does for any non-Gaussian states). It
an be dened by the expression W (x, p) = 1
pi
∫ +∞
−∞ 〈x+ q| ρ |x− q〉 exp [−2ipq] dq [27℄. The
Wigner distribution is unique in that it allows one to determine the marginal probability
distribution of either oordinate by integrating over the other: P (x) =
∫
W (x, p) dp and
P (p) =
∫
W (x, p) dx.
The measurement of these quasi-probability distributions beomes partiularly simple in
a harmoni osillator. The Husimi distribution an be measured by evaluating the expression
Q (|α| , θ) =
1
π
〈α| ρ |α〉 =
1
π
〈0|D† (|α|)R (θ) ρR† (θ)D (|α|) |0〉 , (1)
where θ = arg {α}. That is, instead of projeting the unknown state ρ onto a oherent state
α, one an perform position displaement, D (|α|), and rotation, R (θ), operations on the
unknown state and measure the overlap of the resulting state onto the ground state |0〉,
whih is a straightforward proess in our experiment. Applying the displaement operator
amounts to physially displaing the state a distane of x = 2x0 |α|, where x0 =
(
~
2mω
)1/2
is the ground state width of a partile of mass m in a harmoni osillator of frequeny
ω. In a harmoni osillator R (θ) = exp
[
−ia†aθ
]
an be implemented by letting the state
evolve under H = ~ω
(
a†a + 1
2
)
for a time t = θ/ω. How these operations are performed
experimentally and how the ground state population of a state is measured will be desribed
in setion III.
The measurement of the Wigner distribution is simplied by reognizing that for any
symmetri non-degenerate potential and, in partiular, in a harmoni osillator, W (0, 0) =
3
1pi
∫ +∞
−∞ 〈q| ρ |−q〉 dq =
1
pi
∑∞
n=0 (−1)
n 〈n| ρ |n〉. For values away from the origin the displae-
ment and rotation operators an one again be utilized:
W (x, p) = W (2x0ℜe (α) , 2p0ℑm (α)) =
1
π
∞∑
n=0
(−1)n p (n |α) , (2)
where p0 =
√
m~ω/2 and p (n |α) = 〈n|D† (|α|)R (θ) ρR† (θ)D (|α|) |n〉 is the probability
of nding the partile to be in state n after the appliation of the rotation and displaement
operators to the unknown state ρ. Therefore, the determination of the Wigner distribution
is redued to performing population measurements after applying displaement and rotation
operators. This is similar to the reonstrution of the Husimi distribution exept that the
nal population measurement requires the measurement of all states, (|0〉 , |1〉 , |2〉 , ...), not
just the population of the ground state.
III. IMPLEMENTATION
A. Optial Lattie Speiations
A 1-D optial lattie is formed by the ounter-propagating omponents of two laser
beams resulting in an intensity interferene pattern of the form I (x) = I0 cos
2
(
kx sin
(
γ
2
))
,
where k = 2pi
λ
is the wave vetor of the laser and γ is the angle of intersetion of the two
beams. This standing light wave indues a light shift on the atoms resulting in a potential
U (x) = I (x) ~Γ
2
4∆Is
where ∆ is the detuning of the laser light from atomi resonane and
Γand Is are the natural line-width and saturation intensity of the atom respetively. Of
importane to this experiment is the fat that the individual wells of an optial lattie an
be approximated as harmoni osillators. Therefore the theory of Husimi and Wigner distri-
bution measurements in harmoni osillators an be applied here. The osillation frequeny
in eah well ω, and lattie depth U0, are related by the equation ω =
4kL
pi
√
U0
m
. We nd ω
diretly by measuring the period of Ramsey fringes reated by induing osillations with a
spatial shift of the sinusoidal potential[28℄.
Our experiment starts with a loud of
85Rb atoms in a magneto optial trap (MOT) whih
are then ooled in an optial molasses to a temperature on the order of 10µK. The optial
lattie is turned on during the MOT stage as ooling in the presene of the lattie inreases
the lattie loading eieny. The two laser beams interset at an angle of γ = 49.6◦,
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resulting in a lattie vetor of kL =
2pi
λ
sin
(
γ
2
)
= pi
a
= 3.38 · 106m−1, where λ = 780nm
is the wavelength of the lattie light and a = 0.93µm is the spatial period of the lattie.
The lattie has a detuning of ∆ ≃ 2π · 25GHz from the F = 3 ⇒ F ′ = 4 D2 trapping
line of
85Rb so as to make the sattering rate negligible and to allow the sinusoidal lattie
potential to be treated as onservative. The lattie is tailored to support 2−4 bound states,
depending on the experiment, whih means a depth of U0 ≃ 10 − 40Er where Er =
~2k2
L
2m
is the saled reoil energy in the lattie diretion. The lattie is formed in the vertial
diretion so that atoms in unbound states will, in a time of . 10ms, leave the interation
region due to the pull of gravity. Eah of the lattie beams passes through an aousto-opti
modulator (AOM). By ontrolling the frequeny and phase of the signal with whih we drive
eah AOM independently we are able to ontrol the position, veloity and aeleration of
the lattie. Shifting the relative phase of the lattie beams by φ displaes the lattie (or, in
the rest frame of the lattie, displaes the atoms) by a distane d = aφ/2π. Spatial shifts,
used for the displaement operators D (|α|), an be applied with a resolution on the order of
1nm. Displaements as large as twie the lattie spatial period our in a time of . 0.5µs.
With typial osillation frequenies of ω/2π ≃ 104Hz, this time interval for a shift an be
onsidered to be instantaneous.
B. State Preparation
The preparation of the states whose quasi-probability distributions we shall measure
requires two steps. The rst is to lter out the ground state. By lowering the intensity of
the lattie beams over a time of 10ms until only one bound state is supported, and keeping
it there for 5ms, all atoms in higher states beome unbound and fall out of the interation
region due to gravity. Afterwards we raise the intensity bak to its original level but are
left with the ground state in eah well, with a typial ontamination of the rst exited
state of about 5 − 15%. A more detailed explanation of our ground state preparation and
measurement proess an be found in referene [28℄ and a similar tehnique is desribed in
referene [29℄. The implementation of the seond part of the state preparation depends on
what state we wish to prepare.
In this paper we prepare and measure three states: a ground state, a near oherent state
and a state with a population inversion. For the ground state no further ation is neessary
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as it was prepared in the ltering stage. A near oherent state, |β〉, is prepared by shifting
the potential by δx = a
6
= 0.155µm (or a 60◦ phase shift). The magnitude of β is related
to the displaement by |β| = δx
(
mω
2~
)1/2
= 0.88. For both the ground and oherent state a
lattie depth of 37Er was hosen, supporting 4 bound states with an osillation frequeny of
ω = 48.33kHz. The deviation of the near oherent state whih we prepare from an atual
oherent state is due to the nite depth of the lattie. With only 4 bound states only the rst
4 terms of the oherent state are present in the lattie. This does not signiantly detrat
from the validity of the approximation, as the amplitude of the nth term in a harmoni
osillator oherent state is exp
[
− |β|2 /2
]
1√
n!
|β|n, whih when |β| = 0.88 is quite small for
n ≥ 4. This state was allowed to rotate in the potential for a time t = 20µs, giving it a
rotation of θ = 0.97 radians.
Creation of an inverted state begins with the preparation of the ground state, this time in
a lattie ontaining only two bound states (ω = 32.2kHz). Next, the potential is given a 60◦
phase shift (0.155µm), held there for 80µs and then shifted bak to its original position. We
have found that this proess exites a large number of atoms into higher states[30℄. After
waiting several milliseonds in order to let unbound atoms leave the interation region we are
left with what will be shown to be an inoherent mixture of ground and rst-exited-state
atoms in a ratio of roughly 3 to 7.
C. State Measurement
Here we desribe the proess used to determine the Husimi distribution for the ground
state and oherent state. As per equation 1 the measurement of Q (|α| , θ) takes three steps.
First, we allow the atoms to undergo free evolution for a time t to let the state osillate in
the harmoni-like potential for a rotation of θ = ωt in phase spae. We use a total of 27
angles (or wait times, t) separated by 0.24 radians (or 5µs), spanning a range of θǫ [0, 2π]
(δtǫ [0, 130]µs). Seond, a displaement of x = 2x0 |α| is applied to the lattie. This is
the displaement operator, D (|α|). A total of 19 dierent displaements are used, eah
separated by 25.8nm or a 10◦ phase shift of the potential for a total range of xǫ [0, 465]nm
or [0, 180] degrees. Along with the phase omponent, the total number of measurements is
then 513 not inluding repeated measurements for statistial analysis and averaging. Next,
a projetion of this new state onto the ground state is performed. This rst requires the
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same proess that was used to lter the ground state during the state preparation: the
lattie laser intensity is lowered until only the ground state remains. After waiting ∼ 20ms
in order to let the unbound atoms beome spatially separated from those still bound the
atoms are illuminated with resonant light, and their uoresene olleted in a CCD amera.
With this image the relative population of ground state atoms, as a fration of total atom
number, is measured.
Figure 1 is a phase spae diagram of the Husimi distribution for the oherent state. As
expeted, it is a Gaussian displaed from the origin by |β| = 0.88 at an angle of roughly
55◦. Sine a oherent state is merely a ground state displaed from the origin in phase
spae both distributions should have the same width. Figure 2 shows a ross setion of
the Husimi distribution for the ground state along with one of the oherent state. Fits
of these Gaussians give rms widths of 144nm and 147nm and peaks of 0.267 and 0.257
for the ground and oherent states respetively. Husimi distributions, by denition, are
normalized. By integrating the urve shown in gure 1 we nd from
∫
Q (|α| , θ) |α| d |α| dθ =
∫
Q
(
r
2xrms
, θ
)
r
4x2rms
drdθ = 1 that xrms = 96.3nm. Here we nd a surprising result. The
ground state width of a harmoni osillator of this frequeny is x0 =
(
~
2mω
)1/2
= 88.0nm but
we nd xrms = 96.3nm = 1.09·x0. We believe that this disrepany is due to inhomogeneities
in the intensity of our lattie beams. We have separately measured the dephasing time T2
to be on the order of 2 or 3 osillation periods in our lattie[28, 30℄, implying ∆ω ≈ 0.4ω.
As x20 = ~/2mω, we expet the rms width of our atom louds to be xrms = (~/2m)〈1/ω〉 =
x20[1 + (∆ω/ω)
2 + (∆ω/ω)4 + . . .)]. For ∆ω/ω ∼ 0.4, this means xrms ≈ 1.08x0, onsistent
with our observations.
In addition, the peak of the Husimi distribution of a true ground state is
1
pi
. Our measured
distribution has a peak value of 0.267 = 0.84/π, obtained from a diret measurement of the
ground-state population to be 84%. A harmoni-osillator state with 16% population in the
rst exited state, when the ground-state width is taken to be xrms as alulated above, has
a Husimi distribution with a width of 141 nm, onsistent with our measured value.
Following equation 2 the Wigner distribution for the inverted state is measured by rst
applying the rotation and displaement operators R (θ) and D (|α|), as in the Husimi reon-
strution. For the rotation operators we sample 41 dierent rotation angles separated by 0.16
radians spanning a range of θǫ [0, 2π] equivalent to waiting times in the range δtǫ [0, 200]µs
with a resolution of 5µs. We again use 19 dierent spatial shifts for the displaement op-
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erators with a range of xǫ [0, 465]nm giving a total number of 779 measurements for the
Wigner measurement.
After the rotation and displaement operations are implemented, the state populations
must be measured. Sine the lattie holds two bound states any atoms exited to higher
states by the rotation and displaement operators beome unbound. After waiting 5ms in
order to let these atoms beome spatially separated we one again lower the lattie laser
intensity until only one bound state remains. After waiting another 20ms in order to let these
rst-exited-state atoms leave the interation region we then apture a uoresene image.
From this image we determine the ground and rst-exited-state populations as well as how
many atoms were in states n ≥ 2. Therefore we are able to onstrut the Wigner distribution
with the following aveat: measurements ofW (x, p) beome inreasingly unertain for values
for whih the displaement operator D (|α|) exites more atoms into n ≥ 2, sine only the
rst two terms of equation 2 are known exatly.
Figure 3 shows a ross setion of our best estimate of the Wigner distribution: W ′ (x, 0) ≡
1
pi
(p (0 |α)− p (1 |α)). At the origin we see that the distribution is negative, a nonlassial
signature whih is harateristi of a population inversion. The inset shows the absolute
upper and lower bounds, based on our data, of the Wigner distribution due to our lak of
knowledge about the populations of states higher than n = 1. The upper bound is obtained
by assuming that all atoms lost during the displaement and rotation operators were in
the 2nd exited state;
1
pi
(p (0 |α)− p (1 |α) + p (n > 1 |α)), while the lower is onstruted by
assuming they were in the 3rd;
1
pi
(p (0 |α)− p (1 |α)− p (n > 1 |α)). Of ourse neither one
of these extremes an be the ase as they are not physial. It is known that the Wigner
distribution for any state must go to zero as x, p → ∞. In addition, one an get a sense of
the magnitude of the disagreement between W and W ′ by investigating the normalisation
of the three urves;
∫
W ′ (x, p) dxdp = 0.42, whih is learly not onsistent with 1. The
same normalisation integral, however, gives values of 10.32 and −9.49 for the upper- and
lower-bound urves, respetively. Clearly, the real Wigner funtion lies between W ′ and
the upper bound, but muh loser to the former. Theoretially, one expets a signiant
additional ontribution from the seond exited state for |α| ∼ 1, but for larger values of
|α| this should be anelled out by higher populations in the third exited state. Near the
origin, there was no population in states with n ≥ 2, so there is no unertainty.
Figure 4 shows a 3-D representation of the Wigner distribution measurement. Note the
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rotational symmetry, whih indiates a lak of oherene between energy eigenstates. Usually
proesses suh as the displaement operator reate oherent superpositions of states suh as
in the ase with our presented Husimi distribution. The lak of any oherene properties
here is due to the ombination of dephasing proesses inherent in our optial lattie[28℄
and the long delay between the population inversion reation and the time of measurement.
Therefore the result of our state reation, as shown by gures 3 and 4 is an inoherent
mixture of ground and 1st exited state atoms with most atoms being in the latter, as
evidened by the negative omponent of the Wigner distribution.
IV. CONCLUSION
Making use of a newly developed tehnique to measure state populations of the vibrational
states of atoms in 1-µm lattie wells, and our ability to perform arbitrary translations
in phase spae, we have reonstruted Husimi and Wigner phase spae distributions for
atoms in ground, oherent, and inverted states of osillation in an optial lattie. This
is the rst omplete quantum haraterisation of the state of motion of atoms in suh a
system. The ground and oherent states are largely onsistent with expetations, possessing
essentially the same shape and width, although they indiate both some admixture of the
exited state, whih is understandable in light of our preparation proedure, and an apparent
underestimate of the width of the ground-state wave funtion relative to the experimental
measurement, whih is probably due to inhomogeneities in the lattie beams. We observe a
nonlassial signature in the Wigner funtion, reahing a maximum negative value of −0.12
at the origin, in the ase of the inverted distribution.
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Figure 1: Phase spae representation of the Husimi distribution of a oherent state ||β| , θ〉
for |β| = 0.88, θ = 0.97. From the ontour plot in the inset one an see the displaement of
the Gaussian from the origin. Axis units are in x/2xrms where xrms = 96.3nm.
Figure 2: Cross setions of the Husimi distributions of the ground state (losed irles)
and oherent state (open irles). As expeted they have virtually the same width but
the oherent state is displaed from the origin. In addition, the height and width, when
ompared to the true ground state of a harmoni osillator of this frequeny, show that
there is some ontamination of the state by rst exited state atoms.
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Figure 3: Cross setion of the measured Wigner distribution. Negative values at the
origin are indiative of a population inversion. Inset shows absolute upper (+) and lower
(×) bounds of the distribution as explained in the text. Axis units are in x/2xrms where
xrms = 119.4nm
Figure 4: 3-D image of the measured Wigner distribution. Of note is the ylindrial
symmetry showing a lak of oherene between the omponent energy eigenstates.
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